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Low-dissipation model and the endoreversible model of heat engines are two of the most com-
monly studied models of machines in finite-time thermodynamics. In this paper, we compare the
performance characteristics of these two models under optimal power output. We point out a basic
equivalence between them, in the linear response regime.
I. INTRODUCTION
The ideal heat cycles discussed in text books, are in-
capable of modelling realistic thermodynamic machines.
For instance, Carnot engine yields maximum work, but
its power output (defined as work output per cycle time)
is practically zero—due to infeasibly large cycle times.
Secondly, the ideal cycle involves no net entropy change
in the environment, whereas the operation of real ma-
chines, always entails a positive entropy generation. In
recent years, research on finite-time models of thermo-
dynamic machines has gained a lot of attention [1–4].
Irreversibilities can be incorporated by assuming a fi-
nite rate for heat transfer, internal friction, and heat
leakage. Models based on linear irreversible thermody-
namics [5, 6], the assumption of endoreversibility [7–10],
and weak or low dissipation [11–17], are some of the ap-
proaches which have been pursued. On the other hand,
the finite size of reservoirs, in contrast to infinite reser-
voirs, also reduces the performance [18–21].
In this paper, we focus on the characteristics—at op-
timal power output—of two currently studied models in
finite-time thermodynamics, viz. low-dissipation model
and the endoreversible model. We highlight the similar-
ities and differences between the two models. In par-
ticular, we show their equivalence in the linear response
regime, i.e. for small difference of bath temperatures.
The plan of the paper is as follows. In Section II, we
discuss the optimal features of low-dissipation model. In
Section III, we describe optimal features of an endore-
versible model assuming a linear irreversible law for heat
transfer. In Section IV, we compare the two models.
II. LOW-DISSIPATION MODEL: OPTIMAL
OPERATION
Consider a two heat-reservoirs setup, with hot (h) and
cold (c) temperatures, Th and Tc. A heat engine runs
through a four-step cycle by coupling to these reservoirs
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alternately. The cycle consists of two thermal contacts
lasting for time intervals τh and τc, and two adiabatic
steps whose time intervals may be neglected in compar-
ison to the other time scales. Now, the change in en-
tropy of the working medium during heat transfer at the
hot/cold contact, can be split as: ∆Sj = ∆revSj+∆irSj ,
with j = c, h. Here, the first term accounts for a
reversible heat transfer (equal to the amount of heat
transferred, divided by the temperature of the reservoir),
whereas the second term denotes an irreversible entropy
generation during the process. Now, the low-dissipation
assumption, which is expected to apply close to the re-
versibility limit, models the latter term as being inversely
proportional to the duration of the time spent (τc,h) on
the heat transfer step: Tj∆irSj = σj/τj+O(1/τ
2
j ), where
σj is the dissipation constant [12, 15]. Thus at the hot
and the cold contact, we respectively have
∆Sh =
Qh
Th
+
σh
Thτh
, (1)
∆Sc = −
Qc
Tc
+
σc
Tcτc
, (2)
where Qj > 0. Given that the other two steps in the heat
cycle are adiabatic—with no entropy changes—the cyclic
process within the working medium implies ∆Sh+∆Sc =
0. In other words, ∆Sh = −∆Sc = ∆S > 0, where
the value ∆S is preassigned. Then the amount of heat
exchanged with each reservoir can be written as:
Qh = Th∆S −
σh
τh
, (3)
Qc = Tc∆S +
σc
τc
. (4)
The work extracted in a cycle with the time period τ ≈
τh + τc is, W = Qh − Qc. So the average power output
per cycle is defined as
P =
Qh −Qc
τh + τc
. (5)
Although, the working medium undergoes a cyclic
process–with no net entropy change, the whole cycle is
irreversible, with a net total entropy production per cy-
cle. This is given by the net change in the entropies of
2the two reservoirs:
∆totS = −
Qh
Th
+
Qc
Tc
. (6)
Now, in finite-time thermodynamics, quite often, the de-
sired objective is to maximize the power output. Thus,
in order to determine the operating conditions for the
maximum power, we set(
∂P
∂τh
)
τc
= 0,
(
∂P
∂τc
)
τh
= 0, (7)
where we assume certain given values of the parameters
σh, σc and ∆S. This yields the optimal allocation for the
contact times, given by:
τˆh =
2
∆T∆S
√
σh(
√
σh +
√
σc), (8)
τˆc =
2
∆T∆S
√
σc(
√
σh +
√
σc), (9)
where ∆T = Th − Tc. Substituting Eq. (8) in (3), and
Eq. (9) in (4), we obtain explicit expressions (at opti-
mal power) for the amounts of heat transferred at each
thermal contact:
Qˆh = Th∆S −
γ
2
∆T∆S, (10)
Qˆc = Th∆S −
(1 + γ)
2
∆T∆S, (11)
where γ = (1 +
√
σc/σh)
−1. From Eqs. (10) and (11),
the work output per cycle is given by
Wˆ = Qˆh − Qˆc =
1
2
∆T∆S. (12)
The efficiency at optimal power, defined as ηˆ = Wˆ/Qˆh,
takes the following form:
ηˆ =
ηC
2− γηC
, (13)
where ηC = 1 − Tc/Th, is the Carnot value. Thus the
efficiency at optimal power is bounded as:
ηC
2
6 ηˆ 6
ηC
2− ηC
. (14)
Then the following extreme cases are of interest. When
σc ≪ σh, or γ → 1, it means that the heat transfer
at the cold contact approaches the reversible limit, and
the efficiency approaches the upper bound. On the other
hand, under the condition σh ≪ σc, or γ → 0, the hot
contact approaches the reversible limit, and the efficiency
approaches its lower bound.
A. Rates of Dissipation
We also note that, under optimal power conditions, the
amounts of dissipation at the hot and the cold contacts,
defined by Tj∆irSˆj , is respectively given by:
Th∆irSˆh =
σh
τˆh
=
γ
2
∆T∆S, (15)
and
Tc∆irSˆc =
σc
τˆc
=
1− γ
2
∆T∆S. (16)
Then, at optimal power, the average rates of dissipation
at the two thermal contacts, are equal:
Th∆irSˆh
τˆh
=
Tc∆irSˆc
τˆc
=
[
∆T∆S
2(
√
σh +
√
σc)
]2
. (17)
Incidentally, the above rate of dissipation is same as the
optimal power output, Pˆ .
III. ENDOREVERSIBLE MODEL WITH
LINEAR IRREVERSIBLE LAW
In the so-called endoreversible models [4, 7], a specific
form of heat-transfer law is assumed between a reservoir
and the working medium [8]. Basically, irreversibility
arises due to flow of heat—with a finite rate—across a fi-
nite heat conductance. In the following, we consider such
a model where the heat flux is proportional to the differ-
ence of inverse temperatures of the working medium and
the reservoir. This particular law is based on the flux-
force relation in linear irreversible thermodynamics [22],
and is applicable for small temperature gradients. For
brevity, we address this model as the linear model. Now,
consider T1 and T2 to be the fixed temperatures of the
working medium at hot and cold contacts respectively.
Then the heat fluxes are given by
qh = αh
(
T−1
1
− T−1h
)
, (18)
qc = αc
(
T−1c − T−12
)
, (19)
where αj , with j = c, h be the heat conductance. As
the fluxes are constant during the times of contact, so
the amounts of heat transferred during the times th and
tc, respectively are: Qh = qhth and Qc = qctc. The
entropy change in the working medium at hot and cold
contacts will be: ∆′Sh = Qh/T1 and ∆
′Sc = −Qc/T2,
respectively. Again, in the adiabatic steps, the entropy of
the working medium stays constant. The cyclicity within
the working medium implies, ∆′Sh = −∆′Sc = ∆′S > 0,
which yields
Qh
T1
=
Qc
T2
≡ ∆′S, (20)
which is usually known as the endoreversibility condition.
Again, the work extracted per cycle isW = Qh−Qc, and
the average power per cycle is P = (Qh −Qc)/(th + tc).
The efficiency per cycle is
η = 1− Qc
Qh
= 1− T2
T1
. (21)
Now, we optimize the power with respect to variables T1
and T2. The maximum power is obtained at the following
3values:
T˜1 =
2(1− ηC)
2− (1 + γ¯)ηC
Th, (22)
T˜2 =
2Tc
2− γ¯ηC
. (23)
The efficiency at maximum power is
η˜ =
ηC
2− γ¯ηC
, (24)
where γ¯ = (1 +
√
αc/αh)
−1.
Using Eqs. (22) and (23), the heat fluxes at optimal
power conditions are given by:
q˜h =
1
2
αh(1− γ¯)
(
T−1c − T−1h
)
(25)
q˜c =
1
2
αcγ¯
(
T−1c − T−1h
)
, (26)
so that q˜h/q˜c =
√
αh/αc.
From Eq. (20), we can write for optimal power condi-
tions:
Q˜h =
2(1− ηC)
2− (1 + γ¯)ηC
Th∆
′S, (27)
Q˜c =
2(1− ηC)
2− γ¯ηC
Th∆
′S, (28)
from which the extracted work per cycle is given by: W˜ =
Q˜h− Q˜c. From the above expressions, one can easily see
that for γ¯ → 1, the hot contact approaches reversible
limit, and the efficiency at maximum power approaches
its upper bound of ηC/(2 − ηC). Similarly, for γ¯ → 0,
the cold contact becomes reversible and the efficiency
approaches the lower bound of ηC/2.
A. Entropy generation
Let us consider the entropy generated at each thermal
contact. For the hot contact:
∆irSh = Qh
(
T−1
1
− T−1h
)
. (29)
The average rate of entropy generation at the hot contact
is:
∆irSh
th
=
Qh
th
(
T−1
1
− T−1h
)
(30)
=
q2h
αh
. (31)
At optimal power, the above rate of entropy generation
is given by:
∆irS˜h
th
=
q˜2h
αh
, (32)
see Eq. (25). Similarly, we have the corresponding
expression of entropy generation, at the cold contact,
∆irS˜c = Q˜c(T
−1
c − T˜−12 ) with corresponding rate of en-
tropy generation:
∆irS˜c
tc
=
q˜2c
αc
. (33)
Using the expressions for heat fluxes at optimal power,
Eqs. (25) and (26), we reach the conclusion that, in the
endoreversible model, the rates of entropy production are
equal at the hot and the cold contacts, under optimal
power.
IV. THE COMPARISON
Although the two models are based on seemingly dif-
ferent assumptions, there is a remarkable similarity be-
tween the expressions for efficiency, (13) and (24), at op-
timal power. It is apparent that the parameters ∆S and
∆′S also play analogous roles in these models. However,
there are points of difference. Thus the expressions for
the heat exchanged with the reservoirs, and the work per-
formed per cycle appear to be different. Secondly, as has
been shown above, in low-dissipation model, the rates
of dissipation at the hot and cold contacts become equal,
whereas in endoreversible model, it is the two rates of en-
tropy generation, that are equal at optimal power. Also
in a sense, the parameters γ and γ¯ play complementary
roles. Thus γ → 1 corresponds to γ¯ → 0, which is un-
derstandable since if the dissipation constant at the cold
contact becomes vanishingly small, it implies approach
to reversible limit at that contact. The analogous condi-
tion for endoreversible model is that the conductance at
the cold contact becomes very large. Similarly, we expect
that γ → 0 corresponds to γ¯ → 1.
However, as we show below, if we identify the common
domain of validity for these models, then the optimal
performance of these apparently different models exhibits
a basic equivalence.
In fact, the linear irreversible law (Eqs. (18) and
(19)), is expected to be applicable for small tempera-
ture differences. For the hot contact, it implies that
1− T1/Th ≪ 1. Under conditions of optimal power, this
condition is 1−T˜1/Th ≪ 1, which from Eq. (22) gives the
condition ηC ≪ 1. Applying a similar argument to the
cold contact—at optimal power, the corresponding con-
dition is given by T˜2/Tc − 1≪ 1, which yields γ¯ηC ≪ 1.
Since γ¯ lies between zero and unity, so the essential con-
dition is, ηC ≪ 1. Thus we see that endoreversible model
at optimal power, with the linear law, requires small tem-
perature differences between the reservoirs.
Thus in the linear response regime, which implies small
values of ∆T = Th − Tc, the expressions for heat in the
endoreversible model, (27) and (28), are simplified as fol-
lows:
Q˜h = Th∆
′S − 1− γ¯
2
∆T∆′S, (34)
Q˜c = Th∆
′S − 2− γ¯
2
∆T∆′S. (35)
4The above expressions may be compared to the corre-
sponding expressions (10) and (11) for the low-dissipation
model. The extracted work per cycle is: W˜ = 1
2
∆T∆′S.
This shows that within linear response (upto first order
in ∆T ), the corresponding expressions for heat and work
extracted per cycle, are similar in both models. In par-
ticular, the parameter γ is equivalent to 1 − γ¯ in this
limit. Accordingly, in this regime, the total entropy gen-
erated per cycle in the environment, shows similar be-
havior within the two models.
The above comparison becomes interesting due to the
fact that in the low-dissipation model, there is no intrin-
sic requirement for the temperature difference ∆T to be
small [12, 15]. However, as the comparison with the lin-
ear model shows, the expressions at optimal power which
are expected to hold in the linear response regime, also
hold for arbitrary temperature differences—according to
the low dissipation model. These observations indicate
the need to analyze more thoroughy the domain of ap-
plicability of the low-dissipation model.
Concluding, we have clearly identified the points of
similarity, and difference, between the low-dissipation
and endoreversible model, under optimal power condi-
tions. The present study also identifies the equivalence
of these two models within the linear response regime,
consistent with the principles of linear irreversible ther-
modynamics.
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